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Abstract: 

Track geometry inspection data is important for managing railway infrastructure integrity and 

operational safety. In order to use track geometry inspection data, having accurate and reliable 

position information is a prerequisite. Due to various issues identified in this research, the positions 

of different track geometry inspections need to be aligned and synchronized to the same location 

before being used for track degradation modeling and maintenance planning. This is referred to as 

“position synchronization”, a long-standing important research problem in the area of track data 

analytics. With the aim of advancing the state of the art in research on this subject, we propose a 

novel approach to more accurately and expediently synchronize track geometry inspection 

positions via big-data fusion and incremental learning algorithms. Distinguishing it from other 

relevant studies in the literature, our proposed approach can simultaneously address data 

exceptions, channel offsets and local position offsets between any two inspections. To solve the 

Position Synchronization Model (PS-Model), an Incremental Learning Algorithm (IL-Algorithm) 

is developed to handle the “lack of memory” challenge for the fast computation of massive data. 

A case study is developed based on a dataset with data size of 18GB, including 58 inspections 

between February 2014 and July 2016 over 323km (200 miles) of tracks belonging to China High 

Speed Railways. The results show that our proposed model performs robustly against data 

exceptions via the use of multi-channel information fusion. Also, the position synchronization 

error using our proposed approach is within 0.15 meters (0.5 feet). Our proposed data-driven, 

incremental learning algorithm can quickly solve the complex, data-extensive, position 

synchronization problem, using an average of 0.1 seconds for processing one additional kilometer 

of track. In general, the data analysis methodology and algorithm presented in this paper are also 

suitable to address other relevant position synchronization problems in transportation engineering, 

especially when the dataset contains multiple channels of sensors and abnormal data outliers. 
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1. Introduction 

Track geometry defects are considered one of the most important factors in operational stability 

and safety (Esveld, 2001; Higgins and Liu, 2017; Liu et al., 2013; Quiroga and Schnieder, 2012). 

Track geometry data from track inspection cars is useful for railway maintenance. There are 

multiple inspection channels corresponding to different types of track geometry, and each channel 

relates to a specific type of sensor. Taking the GJ-4 track inspection car of the Chinese Ministry 

of Railways as an example, some track inspection parameters are listed in Table 1 (Ren et al., 

2010). The illustrative sketches of different types of track geometry are shown in Fig.1. Each 

channel corresponds to a specific type of track geometry.  

 

Table 1: Selected track inspection parameters and methods  

Channel Type Sketch Map Measurement Method Sensors 

1 Gauge Fig.1 (1) Laser ranging 
Laser and displacement 

transducer 

2 
Longitudinal profile 

(two sides) 
Fig.1 (4) 

Inertial method 
Accelerometer and 

displacement transducer 
3 Alignment (two sides) Fig.1 (3) 

4 Crosslevel Fig.1 (2) 
Automatic acceleration 

compensation 
Accelerometer 

5 Warp (twist) - 
Difference of crosslevel with a 

distance of 3 meters  
Calculated from crosslevel 

 

 
Fig.1: Schematic diagrams of track gauge, crosslevel, alignment and  

longitudinal profile 

 

There have been many studies based on track inspection data, including data measurement 

(Haigermoser et al., 2015; Weston et al., 2007; Bocciolone et al., 2007; Tsunashima, 2008), track 

condition evaluation (Tsunashima, 2008; Alfelor et al., 2001; Sadeghi, 2010; Sadeghi and 

Askarinejad, 2011) and track degradation prediction (Kawaguchi et al., 2005; Bartram et al., 2008; 

Liu et al., 2010; Xu et al., 2011; Xu et al., 2012; Xu, 2012; Selig et al, 2008). Nearly all the methods 

and models require high quality inspection data. The use of raw track geometry inspection data 

from the track geometry car is not always valid due to various data issues, such as measurement 

errors, abnormal data outliers and positional errors. Among these errors, milepost positional error 

is one common issue, requiring extensive effort to match and align the positions of the same 

inspected location from multiple inspections (Xu, 2012; Selig et al., 2008; Qu, 2012; Xu et al., 

2013). This effort is not trivial because of the need for estimating and predicting location-specific 

track geometry deterioration in railroad track maintenance planning. This paper aims to address 
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position synchronization problem from different inspection runs, with a high precision and 

computational efficiency. The research outcomes can be used for all types of railway systems, 

particularly high-speed railways, whose track asset management demands a high accuracy in 

positional information.  

 

In practice, an initial milepost can be manually selected. The subsequent mileage information is 

obtained according to the rotation angles (by counting the grating encoder impulse number) and 

the wheel radius (Allotta et al., 2002), as illustrated in Fig.2a. However, there are inevitable 

positional errors caused by radial errors of the wheels, faulty encoder output (Qu, 2012), degraded 

adhesive conditions (Soleimani and Moavenian, 2017, Liu and Bruni, 2015) or track geometry 

irregularities (Fig.2d). Due to these factors, the positional error accumulates. To address these 

issues, the Global Positioning System (GPS) (Specht C et al., 2017, Tsunashima, 2008; Allotta et 

al., 2002), Differential GPS (DGPS) (Allotta et al., 2002; Hanreich et al., 2002) and radio-

frequency identification (RFID) (Yang, 2009) are introduced as an absolute reference to control 

the accumulation of positional errors.  

 

Even though many advanced techniques and devices are used, the positional errors cannot be 

eliminated and can sometimes reach 100 meters (328 feet). Furthermore, other environmental 

conditions could lead to abnormal data points. For example, a film of water from rain on the rail-

head can cause laser sensor malfunction (Fig.2c). This kind of abnormal data outlier may influence 

the performance of the position synchronization method. In Section 2, we review the related work 

in the literature that addresses this research problem, the respective merit and limitations of each 

method and the intended contributions of our proposed new approach to the body of knowledge.  

 

 
Fig.2: Positioning principle of the inspection car and the causes of the positional errors. (a) 

shows the mileage measuring principle; (b) shows the degraded adhesive conditions that 

leads to relative slippage between rail and wheel; (c) shows unforeseen influences such as 

weather; (d) track geometry irregularity. 
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2. Related Prior Work  

Positional errors can be classified into three categories, which are 1) absolute position errors (APE); 

2) relative position errors (RPE); and 3) channel-inside position offset (CPO). Since our study 

focuses on position synchronization of data from different runs with multiple measurement 

channels, our review focuses on RPE and CPO. It should be noted that position 

synchronization is only focus on RPE and CPO. The track inspection dataset used in this 

paper has undergone a preliminary processing based on the Key Equipment Identification 

(KEI) model proposed in Xu et al., 2013.  

 

2.1 Absolute Position Error (APE) 

The positional difference of the inspection data compared to its actual position is called the 

Absolute Position Error (APE). The absolute positional accuracy is important when a worker 

attempts to locate a track defect that is observed in the inspection. The APE magnitude is 

determined by absolute reference along the track. Since there are inevitable errors in the selected 

reference, the APE cannot be eliminated. In addition to using better inspection technologies, 

researchers have developed mathematical models to deal with APE. For example, optimization 

models were established to minimize the sum of the squares of the difference between two sets of 

selected track geometry data from a certain section (Sui, 2009). Models are established to correct 

the local offset of curve sections based on the least square method and correlation coefficient (Li 

and Xu, 2010; Pedanekar, 2006). More recently, a key equipment identification model was 

proposed to correct the APE of track inspection data by combining the real mileage information 

of track equipment, which can reduce the APE to under 5 meters (Xu, 2012; Xu et al, 2013). There 

are more details regarding APE in Vu et al. (2012). 

 

2.2 Relative Position Error (RPE) 

The mileage difference in inspection data between different runs is known as the Relative Position 

Error (RPE). The RPE exists because of uncertain rail-wheel contact profiles for different 

inspection cars running along the same track section. The magnitude of RPE is determined by 

comparing the data from multiple inspections. In the scope of this paper, the process to correct 

RPE is treated as a problem of position synchronization. The literature concerning RPE is 

summarized in Table 2. Addressing RPE is one focus of this paper.  

 

Table 2: Previous studies related to RPE. 

Reference 
Application 

scenarios  

Quantitative 
assessment 

model of RPE  

Main 
techniques 

Reference for 
position 

synchronization  

Consideration 
of data 

exceptions 
Channels in use 

Xu, 2012  Railway  
Indirect 

assessment 

Dynamic time 

warping 

The latest 

inspection run 
Preprocessing  Track gauge  

Xu et al. 

2015  
Railway  

Indirect 

assessment 

Dynamic time 

warping 

The latest 

inspection run 
Preprocessing Track gauge  

Sui, 2009 Railway  Not mentioned Optimization 
The latest 

inspection run 
Not mentioned 

profile, alignment or 

gauge (one channel) 

Li and Xu, 

2010  
Railway  Not mentioned 

Least square 

method  

Reference data 

library  
Not mentioned 

profile, alignment or 

gauge (one channel) 
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Pedanekar,  

2006  
Railway Not mentioned 

Correlation 

coefficient  
Static files  Not mentioned - 

Xu et al, 

2016  
Subway  

Indirect 

assessment 

Dynamic 

Programming 

and Cross-

correlation  

The latest 

inspection run 
Preprocessing 

profile, alignment, 

gauge, twist, and 

cross-level 

(separately) 

 

Some common issues with the methods mentioned in Table 2 can be summarized as follows:  

• A quantitative assessment model of the RPE is lacking. A general approach to address the 

position error is to observe the coincidence of waveforms from graphs (Xu et al., 2013; Sui, 

2009; Li and Xu, 2010). Xu (2012) applies two indirect assessments, including the correlation 

coefficient and summation of gauge change between the measured waveforms of two 

inspections, to address the performance of mileage corrections. Xu et al. (2015) and Xu et al. 

(2016) present an indirect measurement by using standard deviation of the inspection data of 

different runs. A smaller standard deviation indicates better performance of the model.    

• The reference for position synchronization is determined both subjectively and empirically. 

Xu et al. (2015), Sui (2009) and Xu et al. (2016) use the latest set of the previous inspection 

data as a reference to synchronize the current inspection data. Li and Xu (2010) and Pedanekar 

(2006) use a reference data library or some static files, which are generated by railway 

operators and will be updated when maintenance is carried out.  

• All the aforementioned methods are based on a default assumption that the inspection data has 

no data exception issues, or the dataset is thought to be exception-free after preprocessing. 

However, that is not always the case.  Some models may become invalid or even lead to 

erroneous positioning results, since the position error due to data exceptions in the reference 

data will spread to current processed data.  

• Only a single measurement channel is used for position synchronization in the above 

literatures. Abnormal data points may exist in one channel, but the probability of data 

exceptions in all channels at the same position is low. The performance can be enhanced by 

fusing data from multiple channels in one unified model (Section 5.3).  

 

2.3 Channel-inside Position Offset (CPO) 

The Channel-inside Position Offset (CPO) is the position difference of inspection channels 

between different inspection runs. It is derived from differences in the distribution of sensors 

between different inspection cars. Generally, the sensors are not mounted at the same location of 

the inspection car. As illustrated in Fig.3, two different types of inspection car, Car A and Car B, 

measure the same types of track geometry, C#1 and C#2. The relative distances between the 

measurement locations of sensors, d1 and d2, can be different. The CPO is the difference between 

d1 and d2. The existence of CPO between inspection Car A and Car B is caused because the two 

inspection cars are designed differently.  

 

To our knowledge, there are no published studies concerning CPO. The concept of CPO in the 

aforementioned Xu (2012), Xu et al. (2015), Sui (2009), Li and X (2010), Pedaneka (2006) and 

Xu et al. (2016) does not exist since they only consider the data from a single measurement channel. 

On the contrary, in this paper we attempt to deal with data exception issues by fusing data from 

multiple sensors into one unified model. Because it is very rare that all sensors malfunction at the 

same time (unless there are inspection-car-specific failures), multi-sensor fusion can make our 
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proposed algorithm more robust against sensor data outliers in aligning track inspection data 

positions.  

 

   
Fig.3: Sketch map of the CPO and track geometries. C#1 and C#2 represent two different 

types of track geometry; d1 and d2 are the relative distances between the measurement 

locations of C#1 and C#2, for inspection Car A and Car B, respectively.  

3. Contributions and Organization of This Paper 

Considering all the limitations of the prior research presented in Section 2.2 and 2.3, this paper 

develops a novel approach to addressing the problem of position synchronization via big data 

fusion and incremental learning algorithms.  

 

Firstly, the local milepost offset and waveform similarity between every two inspection runs are 

estimated based on definitions given in Section 5.2. Secondly, to deal with data exceptions, the 

inspection data of multiple measurement channels are fused by MCF-model in Section 5.3. The 

channel fusion process improves the precision of position synchronization and enhances the 

robustness against abnormal data. The side-effect is that the required memory and computation 

time increase a lot comparing to previous methods (Xu et al. (2015), Sui (2009), Li and Xu (2010), 

Pedaneka (2006) and Xu et al. (2016)), where only the data of one single channel is used.  

 

As a countermeasure, in Section 6, we propose the concept of knowledge library, which 

represents the minimal information refined from the overall information with a high-

dimensional structure. The refining process compresses the overall information into 

several low-dimensional vectors and matrices by statistical approaches. Whenever a new 

dataset is obtained from the track inspection car, the RPE and the CPO of the newly 

measured data are estimated as referring to historical knowledge, and then position 

synchronization is carried out to reduce the RPE and CPO. In return, the knowledge library 

will be updated. The implement of the updating process of knowledge library is called IL-

algorithm.  

 

For a better understanding of this paper’s work, its organization is illustrated in Fig.4. The contents 

with a red border are the main contributions, which are also summarized as the following six points.  
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 The inspection data from multiple measurement channels are fused and synchronized through 

a multi-channel fusion model established in Section 5.3. A quantitative assessment of RPE is 

achieved through an optimization model proposed in Section 5.4.  

 This paper presents a novel approach to dealing with data exceptions through the establishment 

of three matching criteria with the thresholds determined through statistical methods presented 

in Section 5.5.  

 The position synchronization operation is achieved through a two-phase interpolation approach 

presented in Section 5.6.  

 An incremental learning algorithm is developed to execute position error estimating, multi-

channel fusing and position synchronizing processes in Section 6. The required computational 

time is minimized via these advanced data processing and analytic algorithms.   

 A case study is developed based on real-life data from part of the China High Speed Railway 

to demonstrate the practical values of this research for industrial practice (Section 7). 

 The tradeoff between the computation efficiency and the accuracy of position synchronization 

is discussed in Section 8. 

 

 
Fig.4 Organization of this paper.  

4. Abbreviations and Nomenclature  

Table 3: Abbreviations and Nomenclature used in this Paper 

Abbreviations Explanation 

APE Absolute Position Error 

RPE Relative Position Error 

CPO Channel-inside Position Offset 

RMP Reliable Matching Point 

UMP Unreliable Matching Point 

RME Reliable Milepost Estimate 

LMO Local Milepost Offset  

OIM Overall Information Matrix 

MCF-Model Multiple Channel Fusion Model 

RME-Model Reliable Milepost Estimate Model 
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BMC-Model Bad Matching Criterion Model 

PS-Model Position Synchronization Model 

OI- Algorithm Overall-Iterative Algorithm 

IL- Algorithm Incremental-Learning Algorithm 

Notation  Explanation 

𝑠 The scale parameter for waveform matching 

𝑑𝑠 The step for waveform matching, 0.25m per point; point by point if 𝑑𝑠 =1. 

𝛿 Local mileage offset 

𝜌 Local similarity, ranging from [-1, 1].  

𝑘 Refers to a mileage position 

𝑐, 𝑐∗ A data channel, 𝑐∗ indicates the best channel to be selected.  

𝛿(𝑠,𝑘)(𝑋, 𝑌) The mileage offset of X to Y at location k under scale s.  

𝜌(𝑠,𝑘)(𝑋, 𝑌) The similarity of X to Y at location k under scale s. 

𝛿𝑖𝑗,𝑐
(𝑘)

 The mileage offset of the jth run to the ith run at location k based on data from channel c.  

𝜌𝑖𝑗,𝑐
(𝑘)

 The similarity of the jth run to the ith run at location k based on data from channel c. 

𝜟𝑐
(𝑘)(𝑿), 𝜟𝒄(𝑿) 

The local offset matrix and overall offset matrix at location k based on data from channel c. Where X 

is a matrix containing data of multiple runs.  

𝚼𝑐
(𝑘)(𝑿),𝚼𝑐(𝑿) 

The local similarity matrix and overall similarity matrix at location k based on data from channel c. 

Where X is a matrix containing data of multiple runs.  

𝑼 
= {(𝛿𝑖,𝑗,𝑐

(𝑘) , 𝜌𝑖,𝑗,𝑐
(𝑘) )|𝑖, 𝑗 ∈ [1,𝑛];𝑘 ∈ [1,𝑁/𝑑𝑠]; 𝑐 ∈ [1, 𝑡]}, the Overall Information Matrix. Also written 

as {(𝚫𝑐(𝑿),𝚼𝑐(𝑿))| 𝑐 = 1,2, … , 𝑡}.  
𝐶𝑖,𝑗,𝑐 The overall channel offset of the jth run to the ith run for channel c.  

𝐷𝑖,𝑐  The estimation of overall channel offset for the ith run.  

𝑑𝑖
(𝑘)

, 𝑑𝑖
(𝑘)∗

 The RME of the ith run at the location k. * indicates the best selected channel.  

𝑑̇𝑖
(𝑘)∗

 The first-order derivative of 𝑑𝑖
(𝑘)∗

. 

𝛿0, 𝜌0, 𝛿1 The thresholds of 𝛿𝑖𝑗,𝑐
(𝑘)

, 𝜌𝑖𝑗,𝑐
(𝑘)

and 𝑑̇𝑖
(𝑘)∗

 for the BMC.  

𝑟𝑈𝑀𝑃 =
𝐜𝐚𝐫𝐝({𝐛𝐨(𝛿𝑖,𝑗

(𝑘), 𝜌𝑖,𝑗
(𝑘)) = 0|𝑖, 𝑗 ∈ [1, 𝑛]; 𝑘 ∈ [1,𝑁/𝑑𝑠]; 𝑐 ∈ [1, 𝑡]})

𝐜𝐚𝐫𝐝(𝑼)
，the proportion of the UMPs. 

𝑢𝑖
(𝑘,𝑛)

 The average of the LMO of the ith run at location k, considering a total of n runs of inspection data.  

𝑛𝑖
(𝑘,𝑛)

 The count of the RMPs of the ith run at location k, considering a total of n runs of inspection data. 

𝑲(𝑘,𝑛) = {(𝑢𝑖
(𝑘,𝑛), 𝑛𝑖

(𝑘,𝑛))|𝑖, 𝑗 ∈ [1,𝑛]; 𝑘 ∈ [1,𝑁/𝑑𝑠]}, local information matrix.  

𝑓𝑟 The distribution of variable r, where r can be 𝛿, 𝜌 or 𝑑̇.  

𝑀 
A parameter of IL-Algorithm, which represents the maximal number of inspection runs that are to be 

cached in memory.  

𝑷𝒓(𝑝) The precision of position synchronization at a given confidence level p.  

Operator  Explanation 

𝐧𝐨𝐫𝐦(𝒙) = ‖𝒙‖2 = √∑|𝑥𝑖|2，vector norm. 

𝐜𝐨𝐯(𝒙, 𝒚) = ∑(𝑥𝑖 − 𝑥̅)(𝑦𝑖 − 𝑦)，covariance. 

𝐏𝐞𝐫𝐜𝐞𝐧𝐭𝐢𝐥𝐞 (𝒙,𝑝) The percentile value of 𝒙 at a percentage of 𝑝.  

𝐜𝐨𝐫𝐫(𝒙, 𝒚) =
𝐜𝐨𝐯(𝒙,𝒚)

𝐧𝐨𝐫𝐦(𝒙−𝑥̅)∙𝐧𝐨𝐫𝐦(𝒚−𝑦̅)
, normalized correlation coefficient. 

𝐱𝐜𝐨𝐫𝐫𝟐(𝑨,𝑩) 2D cross-correlation of matrix A and B. 

𝐜𝐚𝐫𝐝({∙}) Number of elements in set{∙}. 
𝐢𝐧𝐭𝐞𝐫𝐩(𝒙, 𝒚, 𝒙′) Resampling the sequence (𝒙, 𝒚) by a new 𝒙′ through interpolation.  

𝐛𝐨(𝛿, 𝜌) = {
1  ,    if 𝜌 ≥ 𝜌0   and   |𝛿| ≤ 𝛿0 

0  ,              otherwise               
, exception judgment operation.  

5. Methodology  

5.1 Technical Framework  

The purpose of this section is to introduce the overall model framework, which contains five parts, 

one part is model preparation with some definitions and four sub-models, as illustrated in Fig.5. 

The four models, Multiple Channel Fusion Model (MCF-Model), Reliable Milepost Estimate 
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Model (RME-Model), Bad Matching Criterion Model (BMC-Model) and Position 

Synchronization Model (PS-Model), are established in order of the dependency relationship. The 

purposes of each process are presented below.   

 

 The first process is aimed at estimating the local offsets and waveform similarities between 

every two runs of inspection data. (Section 5.2) 

 The MCF-Model is established to estimate and fuse the CPO among different inspection 

channels. (Section 5.3) 

 The RME-Model is established to estimate the RPE by fusing the output results of the MCF-

Model. (Section 5.4) 

 The BMC-Model is established to deal with data exceptions by filtering the CPO and RPE. 

Three criteria are defined and the thresholds are given according to probability distributions 

of local offsets and waveform similarities. (Section 5.5) 

 The PS-Model is established to conduct position synchronization operation according to a 

two-phase interpolation.  (Section 5.6) 

   

 
  Fig.5: Overall model framework. 

5.2 Fundamentals of the Models   

This section presents some basic definitions concerning the local offsets between every two runs, 

including Local Milepost Offset (LMO), Overall Information Matrix (OIM), Reliable Matching 

Point (RMP) and Unreliable Matching Point (UMP).  
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5.2.1 Local Milepost Offset 

Local Milepost Offset (LMO) is defined to describe the milepost difference between two data 

samples, data #1 and data #2 in Fig.6. If there is no milepost offset between the two sets of data, 

this situation is referred to as an ideal mapping, illustrated in Fig.6a. Real mapping is different 

from ideal mapping because of RPE. For example, the data sample R1 in data #1 and R2 in data #2 

share the same milepost range, as in curve A-B in Fig.6a. When R1 is longer than R2, it indicates 

data #1 is compressed in comparison to data #2 within the A-B range. Therefore, the LMO is 

defined as the difference between real mapping and ideal mapping, see Fig.6b.  

 
Fig.6 LMO between data #1 and data #2.  

The following presents a mathematical definition of LMO. For discrete signal 𝑋 =
{𝑥𝑖|𝑖 = 1,2,… , 𝑁} and 𝑌 = {𝑦𝑖|𝑖 = 1,2,… , 𝑁}, in considering a local waveform matching scale s, 

the local samples of 𝑋 and 𝑌 at location k are defined as 

 

{
𝑋(𝑠,𝑘) = {𝑥𝑖| 𝑘 −

𝑠
2 + 1 ≤ 𝑖 < 𝑘 +

𝑠
2}

𝑌(𝑠,𝑘) = {𝑦𝑖| 𝑘 −
𝑠
2 + 1 ≤ 𝑖 < 𝑘 +

𝑠
2}
                                                                                                                                 (1) 

 

For 𝑖 < 1 𝑜𝑟 𝑖 > 𝑁,  𝑥𝑖 , 𝑦𝑖 = 0. the local offset 𝛿(𝑠,𝑘) and waveform similarity 𝜌(𝑠,𝑘) of Y to X are 

defined as follows 

 

{

𝛿 (𝑠,𝑘)(𝑋,𝑌) ≜ argmax
−∆≤𝜃≤∆

 |𝐜𝐨𝐯(𝑋(𝑠,𝑘+𝜃), 𝑌(𝑠,𝑘))| 

𝜌(𝑠,𝑘)(𝑋, 𝑌) ≜ 𝐜𝐨𝐫𝐫 (𝑋(𝑠,𝑘+𝛿
(𝑠,𝑘)), 𝑌(𝑠,𝑘))

                                                                                                                (2) 

where, ∆ is a limitation of possible offset range.  

 

It can be interpreted that the local offset 𝛿(𝑠,𝑘) is defined as a local shift 𝜃 that causes 𝑋(𝑠,𝑘+𝜃) to 

experience the strongest covariance with 𝑌(𝑠,𝑘) within the range of [−∆, ∆]. The similarity 𝜌(𝑠,𝑘) is 

defined as the normalized correlation coefficient of 𝑋(𝑠,𝑘+𝛿(𝑠,𝑘)) and 𝑌(𝑠,𝑘).  
 

Introducing a matching step 𝑑𝑠(𝑑𝑠 ≥ 1)  to sample LMO discretely, the location parameter k is 

specified as a natural number within the range of [1,𝑁/𝑑𝑠]. It should be noted that 𝛿(𝑠,𝑘)(𝑋, 𝑌) may not 

equal 𝛿(𝑠,𝑘)(𝑌, 𝑋) when X and Y are unevenly stretched or compressed around the location k. 

5.2.2 Overall Information Matrix 

When considering a dataset of 𝑛(𝑛 ≥ 2)  runs  {𝑋1, 𝑋2 , … , 𝑋𝑛} , with each containing t channels, all 

intermediate results, including local offset and waveform similarity, can be gathered into a high-
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dimension matrix  𝑼 = {(𝛿𝑖,𝑗,𝑐
(𝑘)
, 𝜌

𝑖,𝑗,𝑐

(𝑘))|𝑖, 𝑗 ∈ [1, 𝑛]; 𝑘 ∈ [1, 𝑁/𝑑𝑠]; 𝑐 ∈ [1, 𝑡]} , which is named the Overall 

Information Matrix (OIM). The detailed structure of U can be found in Appendix A. The formation 

process of U is highly parallel since the elements in U are independent.  

 

5.2.3 Reliable and Unreliable Matching Point  

In practice, for some reasons, such as abnormal data, maintenance carried out by heavy machinery 

or track condition degradation, a bad correlation will exist at some milepost points, 

namely  𝜌(𝑠,𝑘)(𝑋, 𝑌) ≪ 1 . Therefore, the similarity threshold 𝜌0  is introduced to judge whether a 

matching exception exists at location k. Another situation is also taken as a matching exception 

when the estimated local offset exceeds a given threshold  𝛿0 . The determination of similarity 

threshold is based on the probability distribution, which is to be addressed in Section 5.5.4. As a 

result, the exception judgment operation 𝐛𝐨(𝛿, 𝜌) is defined as follows: 

 

𝐛𝐨(𝛿, 𝜌) ≜ {
1  ,    if 𝜌 ≥ 𝜌0   and   |𝛿| ≤ 𝛿0 
0  ,              otherwise               

                                                                                                                        (3) 

 

If 𝐛𝐨 (𝛿𝑖,𝑗
(𝑘)
, 𝜌
𝑖,𝑗
(𝑘)) = 1 , it indicates that the milepost point at location k is reliable according to the 

inspection data from the ith and jth runs; we call this kind of matching point a Reliable Matching 

Point (RMP). Otherwise it is an Unreliable Matching Point (UMP), and should be ignored.  The 

ratio between the number of UMPs and the number of all elements in U is denoted as 𝑟𝑈𝑀𝑃. The 

ratio 𝑟𝑈𝑀𝑃 represents the proportion of bad matching points. Moreover, the larger the ratio 𝑟𝑈𝑀𝑃 is, 

the poorer the repeatability of track geometry is, so that the ratio 𝑟𝑈𝑀𝑃 is an important index to 

describe the reliability of position synchronization.  

 

𝑟𝑈𝑀𝑃 ≜
𝐜𝐚𝐫𝐝 ({𝐛𝐨(𝛿𝑖,𝑗

(𝑘), 𝜌𝑖,𝑗
(𝑘)
) = 0|𝑖, 𝑗 ∈ [1, 𝑛]; 𝑘 ∈ [1, 𝑁/𝑑𝑠]; 𝑐 ∈ [1, 𝑡]})

𝐜𝐚𝐫𝐝(𝑼)
                                                               (4) 

 

5.3 Multiple Channel Fusion Model (MCF-Model) 

The purpose of this section is to estimate the CPO of each inspection run and establish the model 

for fusing multiple inspection channels. All inspection channels provide information for position 

synchronization after the corresponding CPO is corrected. The fusion of multiple channels is the 

essential part of the models in this paper to deal with data exception. 

 

The estimation of CPO according to the overall information matrix U is presented in Fig.7. The 
cube on the left side of Fig.7 represents the overall offset matrix  𝚫𝑐1(𝑿) , please refer to ○1 . 
Subscript 𝑐1  indicates the channel of gauge. The right cube represents matrix  𝚫𝑐𝑡(𝑿), see ○2 . 
Subscript 𝑐𝑡 indicates any other channel but that of gauge. The matrixes 𝜟𝑐1,𝑘(𝑿)  and 𝜟𝑐𝑡,𝑘(𝑿)  are 
slices at location k of 𝚫𝑐1(𝑿) and 𝚫𝑐𝑡(𝑿), respectively, please refer to ○3  and ○4 . The two vectors 𝜹𝑖,𝑗,𝑐1 

and 𝜹𝑖,𝑗,𝑐𝑡  are extracted from 𝚫𝑐1(𝑿) and 𝚫𝑐𝑡(𝑿) , respectively, please refer to ○5   and ○6  . In an ideal 
situation, 𝜹𝑖,𝑗,𝑐1  and 𝜹𝑖,𝑗,𝑐𝑡  should be coincident, while in actuality there may exist a constant 
deviation. The difference between 𝜹𝑖,𝑗,𝑐1 and 𝜹𝑖,𝑗,𝑐𝑡 is the CPO between the ith and jth run for channel 
ct, that is denoted as 𝐶𝑖,𝑗,𝑐𝑡.  

 

𝐶𝑖,𝑗,𝑐𝑡, the constant offset of channel ct between the ith and jth run, can be obtained by solving 

equation (5).  
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argmin =
𝐶𝑖,𝑗,𝑐𝑡

‖𝜹𝑖,𝑗,𝑐1 − 𝜹𝑖,𝑗,𝑐𝑡 − 𝐶𝑖,𝑗,𝑐‖
2
;      𝑐 = 2,3, … , 𝑡                                                                                                      (5) 

 

The best estimation of the channel offset of the ith run, denoted as 𝐷𝑖,𝑐, can be obtained by 
solving equation (6).  
 

argmin =
𝐷𝑖,𝑐

‖𝑪𝑖,𝑗,𝑐𝑡 − 𝐷𝑖,𝑐‖
2
 ;   𝑖 = 1,2, … , 𝑛; 𝑐 = 2,3, … , 𝑡                                                                                            (6) 

 

Finally, the final local mileage offset 𝛿𝑖𝑗
(𝑘)∗ between the ith and jth runs at location k can be 

obtained by subtracting 𝐷𝑖,𝑐∗ from 𝛿𝑖𝑗,𝑐∗
(𝑘)

, and the final waveform similarity 𝜌𝑖𝑗
(𝑘)∗

 equals to the one 

estimated within the channel 𝑐∗, as presented in equation (7). 

 

{
𝛿𝑖𝑗
(𝑘)∗

= 𝛿𝑖𝑗,𝑐∗
(𝑘)

−𝐷𝑖,𝑐∗

𝜌𝑖𝑗
(𝑘)∗ = 𝜌𝑖𝑗,𝑐∗

(𝑘)
                                                                                                                                                           (7) 

 

 
Fig.7 Estimation of channel offset. 

5.4 Reliable Milepost Estimation Model (RME-Model) 

The purpose of this section is to establish a model to estimate the reliable milepost offsets for each 

run of inspection data. All data from other inspection runs are taken as a reference to determine 

the reliable milepost offset for each run. The reliable milepost estimation (RME) of the ith run at 

location k is denoted as 𝑑𝑖
(𝑘). The RME-Model relies on two principles:  

 

 The RME minimizes the sum of squared differences between the ith and other inspection runs;  

 The sum of RME of all runs at each location k equals zero.  

 

Therefore, the RME-Model can be described as an optimization model given in equation (8).  
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{
 
 

 
 min =∑∑(𝛿𝑖𝑗

(𝑘)∗
− 𝑑𝑖

(𝑘)
)
2

𝑛

𝑗=1

𝑛

𝑖=1

∑𝑑𝑖
(𝑘)

𝑛

𝑖=1

= 0

                                                                                                                                         (8) 

 

Equation (8) contains an optimization objective and a constrain, which are corresponding to the 

two principles given above. Equation (8) is a constrained least squares problem, which can be 

solved using the Augmented Lagrangian method, please refer to Appendix B.  
 

5.5 Bad Matching Criterion Model (BMC-Model) 

Bad matching points, such as the UMPs, lead to invalid estimations of local offsets and have a 

great influence on the position synchronization of inspection data. Especially in the event of a large 

erroneous estimation of local offset which is not rectified, the waveform will distort, the effects of 

which are all but irreversible. The purpose of this section is to minimize the probability for UMPs 

to be treated as RMPs through the establishment of the BMC-Model. In this paper, the BMC-

Model includes three parts: 1) amplitude criterion, 2) similarity criterion, and 3) 1st derivative 

criterion. Multiple criteria can achieve better performance against the fault matching points. 

 

5.5.1 Amplitude Criterion 

The amplitude criterion is used for the local offsets, and it works when the magnitude of a local 

offset is beyond the given threshold 𝛿0 , a limitation not likely to be exceeded. It is especially 

useful when the inspection data waveform is strongly periodic. The amplitude criterion is 

expressed by equation (9).  

 

|𝛿𝑖,𝑗
(𝑘)
| ≤ 𝛿0                                                                                                                                                                                (9) 

 

5.5.2 Similarity Criterion 

The similarity criterion is used for the local waveform similarity, and it works when the similarity 

of two waveforms is significantly less than 1. A low similarity indicates unreliable waveform 

matching. The similarity criterion is expressed by equation (10).  

 

|𝜌𝑖,𝑗
(𝑘)
| ≥ 𝜌0                                                                                                                                                                                (10) 

 

5.5.3 1st Derivative Criterion 

Unlike the above two criteria, the 1st derivative criterion is used for the RME-Model. It works 

when the change rate of the RME along the railway is faster than a given threshold 𝛿1, a limitation 

not likely to be exceeded. The 1st derivative criterion is expressed by equation (11).  
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|𝑑̇𝑖
(𝑘)∗

| ≤ 𝛿1                                                                                                                                                                             (11) 

where, 𝑑̇𝑖
(𝑘)∗

 is the first order derivative of 𝑑𝑖
(𝑘)∗

 along the railway, namely the change rate of the 

RME. 𝑑̇𝑖
(𝑘)∗

 is defined by equation (12). It should be noted that, when 𝛿1 < 1, the 1st derivative 

criterion is able to guarantee the monotonicity of the newly generated position coordinates in 

Section 5.6.  

 

𝑑̇𝑖
(𝑘)∗ =

d

d𝑘
(𝑑𝑖

(𝑘)∗
)                                                                                                                                                                  (12) 

 

5.5.4 Determination of 𝜹𝟎, 𝝆𝟎 and 𝜹𝟏 

The amplitude threshold 𝛿0  and similarity threshold 𝜌0  are determined based on the joint 

probability distribution of  𝛿 and 𝜌. As the 𝛿0 becomes larger, it is more likely for a UMP to be 

mistakenly taken as an RMP. Generally, for a lager local milepost offset, the corresponding 

similarity will also be larger. In practice, the aim to reduce the probability of false matching can 

always be achieved by increasing the values of the thresholds 𝛿0 and 𝜌0. 

 

The joint probability distribution of the local milepost offset and similarity is illustrated in Fig.8. 

The log-normal distribution of 𝜌  is given in  (1 −  𝜌)~ln𝒩(−2.9,  0.82) . In this paper, the 

thresholds 𝛿0 and 𝜌0 are given according to the 99% confidence level, or stricter 95% confidence. 

As for the threshold 𝛿1, the distribution of 𝑑̇𝑖
(𝑘)∗

 can also be obtained from the overall information 

matrix U. Similarly, the value of 𝛿1 can be obtained according to the 99% confidence level, or 

stricter 95% confidence.  

 

It should be noted that the confidence level can be taken as a percentage threshold, which is given 

empirically according to subjective experience. Higher confidence level leads to more 

misjudgments of Reliable Matching Points (RMPs) and fewer misjudgments of Unreliable 

Matching Points (UMPs), and vice versa. The percentage should not be too large or too small. In 

this paper, two percentages are suggested, 95% and 99%.  
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Fig.8 The joint probability distribution of local milepost offset and waveform similarity. (b) 

is an enlarged view of the range in the highlighted square of (a). The scattered points in the 

highlighted circles indicate the UMPs.  

5.6 Position Synchronization Model (PS-Model) 

The purpose of this section is to establish a model to conduct position synchronization according 

to the estimated RPE and CPO. Assuming 𝑑𝑖
(𝑘)∗ is the best estimated mileage offset of the ith run at 

location k, the position synchronization can be achieved by moving the data point from location 𝑘 

to a new location of 𝑘 + 𝑑𝑖
(𝑘)∗. The channel offset 𝐷𝑖,𝑐  for different runs needs to be included to ensure 

channel synchronization. The process can be described as a two-phase interpolation approach that 

can be written as equation (13).  

 

𝑋𝑖,𝑐
∗ = 𝐢𝐧𝐭𝐞𝐫𝐩(𝐢𝐧𝐭𝐞𝐫𝐩(𝑑𝑚 , 𝑑𝑚 + 𝑑𝑖

(𝑘)∗ + 𝐷𝑖,𝑐 , 𝑑𝑣),𝑋𝑖,𝑐 , 𝑑𝑣);     𝑖 = 1,2, … , 𝑛;   𝑐 = 1,2, … , 𝑡                           (13) 

 

where, 𝑋𝑖,𝑐
∗  is the synchronized data, and 𝑑𝑣 = (1,2, … , 𝑁)

𝑇. 𝑑𝑚 = {(𝑖 − 1) ∗ 𝑑𝑠 + 1|𝑖 = 1,2, … ,𝑁/𝑑𝑠} , is 

the matching position sequence with a step of 𝑑𝑠.  

 

The first interpolation (the inside interpolation in equation (13) is aimed at generating a new 

position coordinate according to the mapping of (𝑑𝑜𝑟𝑖 , 𝑑𝑛𝑒𝑤). Since the new position coordinate does 

not share the same sampling rate with that of the original, the second interpolation (the outside 

interpolation in equation (13)) is conducted to achieve data resampling by 𝑑𝑣. Piecewise linear 

interpolation is adopted in the first interpolation, while both piecewise linear interpolation and 

cubic spline interpolation can be used in the second interpolation.  

 

The PS-Model process is illustrated in Fig.9. The solid line in Fig.9(a) represents the estimated 

RME of one run of inspection data. The estimated 𝑑𝑖
(𝑘)∗

 are taken as a discrete sampling of RME. 

The piecewise linear interpolation for the first interpolation of equation (13) is equivalent to a 

linear approximation of the RME. The second interpolation of equation (13) can reduce the RME, 

as shown in Fig.9(b). The residual RME is the interpolation remainder of the first interpolation of 

equation (13).  

 

For 𝑥 ∈ [𝑥0, 𝑥1], the linear interpolation remainder is expressed as:  

 

𝑅(𝑥) =
𝑓′(𝜉)

2
(𝑥 − 𝑥0)(𝑥 − 𝑥1)                                                                                                                                        (14) 

 

It can be seen from equation (14) that, theoretically, the residual RME will converge towards 0 as 

|𝑥1 − 𝑥0| approaches 0. In this paper, the value of  |𝑥1 − 𝑥0| equals the matching step 𝑑𝑠. However, 

the smaller |𝑥1 − 𝑥0|  is, the more calculations there will be. The optimization of computation 

efficiency and precision will be discussed further in Section 8.  
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Fig.9 Illustration of the PS-Model process. 

6. Computational Algorithms  

The purpose of this section is to develop algorithms to achieve the estimating, fusing and 

synchronizing processes. A direct solution is proposed in this paper through an Overall-Iteration 

Algorithm (OI-Algorithm). As an improvement, the Incremental-Learning Algorithm (IL-

Algorithm) is developed to handle the “lack of memory” and massive computation challenges.  

6.1 OI-Algorithm  

Considering that deviations may exist in the RME values due to distortions of the original 

waveform in the inspection data, instead of simply decreasing the matching step 𝑑𝑠 , further 

iterations of the PS-Model on the newly processed results can more efficiently enhance the position 

synchronization performance. According to equation (14), the farther the position is to the 

interpolation points, the larger the residual RME becomes. A new iteration for position 

synchronization can be better when it avoids the previous RMPs. It is achieved in this paper by 

changing the beginning position of the matching sequence 𝑑𝑚 according to the iteration number, 

as in equation (15). 

 

𝑑𝑚
∗ = {(𝑖 − 1) ∗ 𝑑𝑠 + (𝑗 − 1) ∗

𝑠
𝑁𝑜
+ 1|𝑖 = 1,2, … ,

𝑁
𝑑𝑠
;   𝑗 = 1,2, … ,𝑁𝑜}                                                                (15) 

where, 𝑑𝑚∗  represents the matching sequence with multiple iterations; 𝑁𝑜 is the overall number of 

iterations; 𝑗 is the iteration number.  

 

As a result, the OI-Algorithm, which takes the simultaneous input of data from all inspection runs, 

contains several iterations and in each iteration the four models are solved in order. A new iteration 

is carried out on the results of the previous iteration (or the original data for the first iteration). The 

flow chart of the OI-Algorithm is presented in Appendix C.  

 

The implement of OI-Algorithm is exactly corresponding to the data processing flow provided in 

Fig.5, the overall model framework. From the calculation steps illustrated in Fig.17, it can be found 

that the input dataset will undergo the five sub-procedures given in Section 5.2 to 5.6, one after 

the other until the final result is obtained. 
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Though the OI-Algorithm is a complete implementation of the four models presented in Section 5, 

there are two main challenges for practical application of the algorithm.  

  

 Challenge 1: lack of memory. Take a 300 km track section for example, the required buffer 

memory reaches 12 GB to cache the data of 50 inspection runs. More memory is needed to 

carry out the OI-Algorithm. The size of the overall information matrix U is 50×50×10000×t 

for a matching step of 30 m, where t is the number of inspection channels in use. U is larger 

when processing data from more inspection runs.  

 Challenge 2: massive computations. Each time a new inspection run is conducted, the OI-

Algorithm needs to be re-executed with massive repeated calculations. A direct 

countermeasure can be helpful to reduce repeated computation, such as storing the matrix U. 

Nevertheless, with an increasing number of inspection runs, it is uneconomical to store such 

a quantity of intermediary data.  

 

An incremental algorithm is of great importance to achieve the models instead of the OI-Algorithm. 

The aim is not simply to transform the OI-Algorithm into an incremental style, but to minimize 

the required memory, and optimize computations through incremental probability estimation and 

the establishment of a “Knowledge Library”.   

  

6.2 IL-Algorithm to Improve the OI-Algorithm  

6.2.1 Knowledge Library  

In fact, it is not necessary to store all elements in the overall information matrix U. The concept of 

a “knowledge library” represents the minimal information refined from the high-dimensional 

matrix U. The refining process compresses U into several low-dimensional matrices or vectors 

through statistical approaches. Each time a new set of data is obtained from the track inspection 

car, the RPE and CPO of the newly measured data is estimated by reference to the historical 

knowledge. In return, the knowledge will be updated.  

 

The knowledge library contains two parts: local knowledge and global knowledge. Local 

knowledge is the refined information from the overall information matrix U for different inspection 

runs at different locations; this process is shown in Fig.10.  

 

 
Fig.10 The refining processing for local knowledge. 
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𝚫𝑐
(𝑘)(𝑿) represents the slice of 𝜟𝒄(𝑿) at location k. It should be noted that the UMPs should not be 

included, so the values 𝛿𝑖𝑗
(𝑘) 

 are excluded when 𝐛𝐨(𝛿𝑖𝑗
(𝑘) , 𝜌𝑖𝑗

(𝑘) 
) = 0. The average and the number of 

elements in the ith row of 𝚫𝑐
(𝑘)(𝑿) , denoted as 𝑢𝑖

(𝑘)  and 𝑛𝑖
(𝑘)  respectively, are taken as local 

knowledge, as shown in equation (16).  

 

{
 
 

 
 𝑢𝑖

(𝑘)
=

1

𝑛𝑖
(𝑘)∑𝐛𝐨(𝛿𝑖𝑗

(𝑘)∗ , 𝜌𝑖𝑗
(𝑘) ∗

) ∙ 𝛿𝑖𝑗
(𝑘) ∗

𝑛

𝑗=1

𝑛𝑖
(𝑘)
=∑𝐛𝐨(𝛿𝑖𝑗

(𝑘)∗ 
, 𝜌𝑖𝑗
(𝑘) ∗

)

𝑛

𝑗=1

                                                                                                                         (16) 

 

The value of 𝐛𝐨(𝛿𝑖𝑗
(𝑘)∗ , 𝜌𝑖𝑗

(𝑘) ∗
) equals 1 for a RMP, and 0 for a UMP, so 𝑛𝑖

(𝑘)
 is calculated by summing 

up 𝐛𝐨(𝛿𝑖𝑗
(𝑘)∗ , 𝜌𝑖𝑗

(𝑘) ∗
) directly for 𝑗 = 1,2,… , 𝑛.  

 

Global knowledge retains the overall features of the matrix U, including the statistical distributions 

of 𝛿, 𝜌 and 𝑑̇, that are denoted as  𝑓𝛿[𝑝], 𝑓𝜌[𝑝] and  𝑓𝑑̇[𝑝], respectively. The range  𝐿𝑟 (𝑟 = 𝛿,𝜌, 𝑑̇) can 

be divided into 2𝑁′  parts. The number of parameters in each part p are counted according to 

equation (17).  
 

𝑁𝑟,𝑝 = 𝐜𝐚𝐫𝐝 ({𝑟|
𝑝
𝑁′
𝐿𝑟,1 ≤ 𝑟 <

𝑝 + 1
𝑁′

𝐿𝑟,2}) ;     𝑝 = −𝑁
′, 1 − 𝑁′, … ,𝑁′ − 1                                                         (17) 

 

where, the boundaries of 𝛿, 𝜌, and 𝑑̇ are given as:  

 

{

𝐿𝛿,(1,2) = [−∆,∆]

𝐿𝜌,(1,2) = [−1,1]

𝐿𝑑̇,(1,2) = [−∆1, ∆1]

                                                                                                                                                            (18) 

 

The total number of elements in U is 𝑁𝑟 = 𝐜𝐚𝐫𝐝({𝑟|𝐿𝑟,1 ≤ 𝑟 < 𝐿𝑟,2}). Global knowledge 𝑓
𝑟
[𝑝] 

can be calculated according to equation (19).  

𝑓𝑟[𝑝] =
𝑁𝑟,𝑝
𝑁𝑟

 ;                                                                                                                                                                         (19) 

6.2.2 Incremental implementation of the RME 𝒅𝒊
(𝒌)∗ 

According to Appendix B, the result 𝑑𝑖
(𝑘)∗ consists of two parts,  𝑑𝑖

′(𝑘)
 and 𝑑(𝑘)∗, the incremental 

implementation of 𝑑𝑖
(𝑘)∗ can therefore be derived from two parts, as expressed in equation (20).  

 

𝑑𝑖
(𝑘)∗ = 𝑑𝑖

′(𝑘) − 𝑑(𝑘)∗ = 𝑢𝑖
(𝑘,𝑛+1) −

1

𝑛 + 1
∑𝑢𝑖

(𝑘,𝑛+1)

𝑛+1

𝑖=1

                                                                                                   (20) 

 

It should be noted that the 𝑑𝑖
(𝑘)∗ in equation (20) is the total estimation of reliable mileage offset 

based on the historical inspection data. When the data of the (n+1)th inspection run is included, 

the adjustment value is given in equation (21).  
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𝑑𝑖
(𝑘,𝑛+1)∗ = 𝑑𝑖

(𝑘)∗ − 𝑑𝑖
(𝑘,𝑛)∗ = (𝑢𝑖

(𝑘,𝑛+1) − 𝑢𝑖
(𝑘,𝑛)

) −
1

𝑛 + 1
(∑𝑢𝑖

(𝑘,𝑛+1) − 𝑢𝑖
(𝑘,𝑛)

𝑛+1

𝑖=1

)                                                 (21) 

where, 𝑢𝑛+1
(𝑘,𝑛) is defined as zero because there is no previous information for the (n+1)th run.  

 

6.2.3 Local Knowledge Updating 

The updating process of local knowledge contains four parts, as presented in Fig.11.  

 

 
Fig.11 Local knowledge updating process. 

Process A. Obtain the local milepost offset {(𝛿𝑖,𝑛+1
(𝑘)∗ , 𝜌𝑖,𝑛+1

(𝑘)∗
) |𝑖 = 1,2,… , 𝑁} by performing the waveform 

matching for data of the (n+1)th run to each of the previous n runs, respectively, using the model 

presented in Section 5.2.1.  

Process B. Obtain the local milepost offset {(𝛿𝑛+1,𝑖
(𝑘)∗ , 𝜌𝑛+1,𝑖

(𝑘)∗
) |𝑖 = 1,2,… , 𝑁} by performing the waveform 

matching for each of the previous n to (n+1)th runs, respectively, using the model presented in 

Section 5.2.1.  

It should be noted that the aforementioned data from the previous n runs are the latest version after 

mileage synchronization.  

Process C. The matrix 𝑲(𝑘,𝑛) is updated into 𝑲(𝑘,𝑛+1) with {(𝛿𝑖,𝑛+1
(𝑘)∗ , 𝜌𝑖,𝑛+1

(𝑘)∗
)|𝑖 = 1,2, … , 𝑁}. The formula 

is as follows: 

 

{
𝑢𝑖
(𝑘,𝑛+1) =

1

𝑛𝑖
(𝑘,𝑛+1)

(𝑛𝑖
(𝑘,𝑛) ∙ 𝑢𝑖

(𝑘,𝑛) + 𝐛𝐨(𝛿𝑖,𝑛+1
(𝑘) , 𝜌𝑖,𝑛+1

(𝑘) 
) ∙ 𝛿𝑖,𝑛+1

(𝑘) 
)

𝑛𝑖
(𝑘,𝑛+1)

= 𝑛𝑖
(𝑘,𝑛)

+ 𝐛𝐨(𝛿𝑖,𝑛+1
(𝑘) 

, 𝜌𝑖,𝑛+1
(𝑘) 

)

                                                                         (22) 

Equation (22) is an incremental form of equation (16). The mean value 𝑢𝑖
(𝑘,𝑛+1) is updated based on 

the previous value 𝑢𝑖
(𝑘,𝑛) and the newly input 𝛿𝑖,𝑛+1

(𝑘) .  

 

Process D. The (n+1)th row of 𝑲(𝑘,𝑛+1) is generated with {(𝛿𝑛+1,𝑖
(𝑘)∗ , 𝜌𝑛+1,𝑖

(𝑘)∗
)|𝑖 = 1,2, … , 𝑁}. The formula 

is as follows: 
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{
 
 

 
 𝑢𝑛+1

(𝑘,𝑛+1) =
1

𝑛𝑛+1
(𝑘,𝑛+1)

∑𝐛𝐨(𝛿𝑛+1,𝑗
(𝑘)∗ , 𝜌𝑛+1,𝑗

(𝑘) ∗
) ∙ 𝛿𝑖𝑗

(𝑘) 

𝑛

𝑗=1

𝑛𝑛+1
(𝑘,𝑛+1) =∑𝐛𝐨(𝛿𝑛+1,𝑗

(𝑘)∗ , 𝜌𝑛+1,𝑗
(𝑘) ∗

)

𝑛

𝑗=1

                                                                                                         (23) 

Equation (23) is similar to equation (16), because there is no previous knowledge for the (n+1)th 

inspection dataset.  

 

6.2.4 Global Knowledge Updating 

The global knowledge updating process can be achieved as equation (24).  

𝑓𝑟
(𝑛+1)[𝑝] =

1

𝑁𝑟
(𝑛+1)

∙ (𝑓𝑟
(𝑛)[𝑝] ∙ 𝑁𝑟

(𝑛) + 𝑁𝑟,𝑝
(𝑛+1)

);   𝑟 = 𝛿, 𝜌, 𝑑̇                                                                                    (24) 

where,  

𝑁𝑟,𝑝
(𝑛+1)

= 𝐜𝐚𝐫𝐝 ({𝑟𝑖𝑗|
𝑝
𝑁′
𝐿𝑟,1 ≤ 𝑟𝑖𝑗 <

𝑝 + 1
𝑁′ 𝐿𝑟,2; 𝑖 𝑜𝑟 𝑗 = 𝑛 + 1})                                                                             (25) 

𝑁𝑟
(𝑛+1) = 𝑁𝑟

(𝑛) + 𝐜𝐚𝐫𝐝({𝑟𝑖𝑗|𝐿𝑟,1 ≤ 𝑟𝑖𝑗 < 𝐿𝑟,2; 𝑖 𝑜𝑟 𝑗 = 𝑛 + 1})                                                                                  (26) 

 

6.2.5 IL-Algorithm 

The flow chart of the IL-Algorithm is presented in Fig.18 in Appendix D. The initialization of the 

knowledge library can be achieved by applying the OI-Algorithm on 𝑀 inspection runs. After the 

data of the (n+1)th inspection run is processed (𝑛 ≥ 𝑀), the data of the (𝑛 + 1 − 𝑀)th inspection 

run is saved to the disk and released from memory, so there are only 𝑀+ 1 inspection runs of data 

in memory. Each time data from a new inspection run is imported, the four models are to be solved 

using the newly processed historical data, rather than the original measured data. It should be noted 

that in this paper the data arrival order is arranged according to the inspection date. The early 

inspection data is processed before the late one.  

 

There are two main improvements in the IL-Algorithm compared to the OI-Algorithm:  

 

 The IL-Algorithm only needs to cache data from 𝑀 inspection runs, rather than all historical 

inspection data as in the OI-Algorithm. The parameter 𝑀 is determined according to the 

required precision and hardware environment, such as memory capacity.  

 Instead of caching the entire matrix U, only the knowledge library needs to be cached in 

memory. The knowledge library is updated incrementally with few redundant calculations 

during the execution process of the algorithm.  

7.  China High Speed Railway Case Study  

The purpose of this section is to demonstrate the performance and contribution of the proposed 

track inspection data position synchronization methodology.  It should be noted that there are a lot 

of results to be presented corresponding to the models given in Section 5. However, this section 

only presents the most important and interesting points due to limited space. This section focuses 

on four aspects, that are 1) multi-channel information fusion, 2) robustness against data exception, 

3) precision and number of iterations, and 4) computational time. The precision of position 
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synchronization is defined as the percentile value of the estimated LMO (𝛿𝑖,𝑗
(𝑘)) at a given confidence 

level p, as given in Section 5.5.4.  

 

A case study was carried out based on a dataset with 58 inspection runs (17.7 GB) between 

February/2014 and July/2016 on the China High Speed Railway. Each inspection run contained 

13 measurement channels, including milepost, gauge, crosslevel, longitudinal profile (left and right 

side), alignment (left and right side), superelevation, curvature, carbody acceleration (vertical and 

lateral direction), speed and ALD (please refer to Xu et al., 2013 for a description of ALD). The 

length of the railway line was 323km. The sampling distance of the inspection car was 0.25m. 

Some default parameters of the IL-Algorithm are: matching scale s=50m; matching step ds=20m; 

matching range ∆=40m and percentage threshold for BMC-Model is 99%. The dataset has 

undergone preliminary processing using the Key Equipment Identification (KEI) model proposed 

in Xu et al., 2013.  

 

7.1 Multi-Channel Information Fusion 

Fig.12 illustrates the estimated CPO of the original and processed inspection data. It can be found 

that the CPO of the original channel offset is within the range of [-1.25, 1.25] meters by reference 

to the gauge channel, as illustrated in Fig.12 (a). There are differences between different runs and 

channels. As for the processed data, the CPO drops to less than 0.025m, which can nevertheless 

be disregarded, as found in Fig.12 (b).  

 
Fig.12 The estimation of CPO; (a) shows the CPO of original data; (b) illustrates the CPO 

of the processed data. 

7.2 Robustness against abnormal data 

This section presents a comparison between the waveform before and after position 

synchronization. The inspection data from two channels, Channel #1 for track gauge and Channel 

#2 for crosslevel, within the range of K641.6-K641.8 are taken as an example, please refer to 

Fig.13.  
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It can be seen that Channel #1 (gauge) has some abnormal data points, which randomly occurred 

in different inspection runs, as highlighted in Fig14(a, b). And there are data exceptions in the 

measured gauge of the inspection run colored red, see Fig.13 (a, b). By contrast, Channel #2 

(crosslevel) does not have any abnormal data points within the same range of positions. As a result, 

the UMPs in Channel #1 are substituted by the RMPs in Channel #2 through multi-channel fusion. 

That explains the robustness of the methods in this paper against abnormal data for the 

synchronized gauge.  

 

7.3 Precision and Number of Iterations  

The purpose of this section is to analyze the influence of iterations on the precision of position 

synchronization. Fig.14 illustrates the joint distribution of local milepost offset and waveform 

similarity after different iterations. It can be observed that the standard deviation of local milepost 

offset drops quickly to 0.73 (0.19m) after the first iteration, then 0.26 (0.25m) and 0.22 (0.25m) 

after the second and third iteration. The distribution of waveform similarity, however, changes 

slightly with different iterations. The quantitative relationship among the iterations, distributions 

and thresholds are summarized in Table 4. It can be observed that after the first iteration, the 

threshold of 𝛿 is reduced from 6.58m to 0.42m with 99% confidence, or 0.3m for 95% confidence. 

And after the second iteration, the threshold of 𝛿 drops to 0.15m and 0.1m for 99% and 95% 

confidences, respectively. Here, the value of 0.15m is less than the sampling distance of the 

inspection car, which is 0.25m in China. However, the third iteration does not seem to show any 

significant improvement, so it is suggested that two iterations are necessary for position 

synchronization.   
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Fig.13 Comparison of the waveform before and after position synchronization (Channel #1 

gauge). (a) and (b) illustrate the waveforms of the original and processed gauge, 

respectively; (c) and (d) illustrate the waveforms of the original and processed crosslevel, 

respectively. 

 

 
Fig.14 The joint distribution of value pairs (𝜹, 𝝆). (a), (b), (c) and (d) show the distributions 

of the original data, and the data after one, two and three iterations respectively. 

Table 4：Iterations, distribution and the precision 𝑷𝒓(𝒑). 

Iterations 
Distribution of the estimated 

local offset (0.25m) 

Precision 𝑷𝒓(𝑝) (m) 

𝑝 = 99%  𝑝 = 95%  

Original 𝒩(0.020,  11.32 ) 6.58 4.65 

After 1 iteration  𝒩(−0.001,  0.732 ) 0.42 0.30 

After 2 iterations 𝒩(0.003,  0.262 ) 0.15 0.10 

(a) 

 

(d) 

 

(b) 

 

(c) 
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After 3 iterations 𝒩(0.002,  0.222 ) 0.13 0.09 

 

7.4 Computational Time  

This section analyzes the execution efficiency of OI- and IL-Algorithms. The algorithms are 

implemented with the MATLAB R2016b platform, in a CPU/I7-5820k (6CPUs×3.3GHz) and 

RAM/16GB hardware environment. The percentage threshold for the BMC-Model is 95% and the 

iteration was performed twice. The polynomial fitting of the execution time for both algorithms is 

performed, quadratic fitting for OI-Algorithm and linear fitting for IL-Algorithm. The results are 

presented in Fig.15. It can be observed that the execution time for the OI-Algorithm (developed in 

Section 6.1 is 0.03𝑛2 + 0.05𝑛 − 0.03 sec/km, where n represents the number of inspection times. In 

contrast, the execution time for the IL-Algorithm is 0.1𝑛 + 0.43 sec/km.  

 

 
Fig.15 The execution time per kilometer for OI-Algorithm (a) and IL-Algorithm (b). 

8. Discussion  

The purpose of this section is to discuss the computation efficiency and precision of position 

synchronization. According to equation (14), the interpolation remainder is closely related to the 

distance between two adjacent interpolation points, which is determined by the matching step (ds), 

a parameter introduced in Section 5.2.1. The smaller the matching step ds is, the higher the 

interpolation precision that can be achieved, but the more execution time the IL-Algorithm will 

require. As a result, execution time and precision are two conflicting objectives. There are two 

essential parameters, the matching step ds and the number of total runs of inspection data cached 

in memory (the parameter M in the IL-Algorithm), which control the execution time and precision 

of position synchronization.   

 

To optimize the execution time and precision, the IL-Algorithm is executed with different values 

of ds, from 5m to 200m. The results are illustrated in Fig.16. There is an inversely proportional 

relationship between the execution time and matching step ds. When the matching step ds is less 

than 40m, the execution time is seen to increase dramatically. The precision 𝑃𝑟(confidential level 

p=99.7%) of position synchronization is illustrated in Fig.16. Fig.16 shows that the precision of 

two iterations is much better than that of only one iteration, with an improvement of approximately 

0.45m on average. As the matching step becomes larger, the precision gradually drops. However, 

𝑡 = 0.03𝑛2 + 0.05𝑛 − 0.03 
R2 = 0.998 

 

 

𝑡 = 0.1𝑛 + 0.43 
R2 = 0.982 

 

(b) (a) 
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when the matching step is less than 40m, the precision shows no improvement with smaller values. 

For a given requirement of precision according to the sampling distance of inspection cars, namely 

0.25m, the minimal matching step should be 50m.   

 

Fig.16 The execution time and precision 𝑷𝒓(𝒑 = 𝟗𝟗.𝟕%) of position synchronization 

considering different matching step ds.  

9.  Conclusion 

Position synchronization of track inspection data is crucial for track degradation modeling and 

maintenance scheduling. This paper develops a novel data-driven methodological framework for 

addressing the accurate and computationally efficient position synchronization of track 

infrastructure inspection data via big data fusion and an incremental learning algorithm. A number 

of data analysis models are established to mine, fuse and synchronize the inspection data of 

multiple runs with multiple sensors. The model also accounts for possible measurement data 

exceptions. An incremental learning algorithm (IL-Algorithm) is developed to facilitate the fast 

computation of enormously large inspection data volumes.  

 

The proposed method has been applied to a section of track on the China High Speed Railway 

network. The results show that 1) our proposed method is robust against measurement data 

exceptions via multi-sensor data fusion; 2) the proposed algorithm can sufficiently synchronize 

positions within a small number of iterations (in some cases, only two iterations are sufficient); 3) 

because of these methodological merits, our approach can reduce the relative position error (RPE) 

within 0.15 meters at a 99 percent confidence level. This is a significant improvement in 

positioning accuracy, considering the fact that the RPE error is much smaller than the sampling 

interval (0.25 meters in our dataset); 4) for processing one additional kilometer of track, the 

proposed algorithm would take an extra 0.1n+0.43 seconds, where n is the number of inspection 

runs.  

 

1st iteration 

2nd iteration Execution time  
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Finally, we discuss the relationship between the computational efficiency and the accuracy of 

position synchronization, and the proper number of inspection runs that should be cached in 

memory in the IL-algorithm.  In summary, the proposed position synchronization methodology 

considers both positioning accuracy and computational time, with a promising application to data-

rich railroad inspection information processing problems, in support of a wide array of track safety 

and maintenance research activities.  
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Appendix A. The Structure of OIM  

𝛿𝑖,𝑗,𝑐
(𝑘)

 and 𝜌𝑖,𝑗,𝑐
(𝑘)  represent the local offset and similarity of the jth run to the ith run at location k based 

on the data of the cth channel, as shown in equation (28).  𝑋𝑖,𝑐 represents the data of the cth channel 

of 𝑋𝑖.  
 

𝛿𝑖,𝑗,𝑐
(𝑘) = 𝛿(𝑠,(𝑘−1)∙𝑁/𝑑𝑠 )(𝑋𝑖,𝑐 , 𝑋𝑗,𝑐)                                                                                                                                            (28𝑏) 

𝜌𝑖,𝑗,𝑐
(𝑘) = 𝜌(𝑠,(𝑘−1)∙𝑁/𝑑𝑠)(𝑋𝑖,𝑐 , 𝑋𝑗,𝑐)                                                                                                                                             (28𝑏) 

Slicing up the matrix 𝑼 at a given location k and channel c, we get the local offset matrix  𝜟𝑐
(𝑘)(𝑿) 

and local similarity matrix 𝜰𝑐
(𝑘)(𝑿): 

 

𝜟𝑐
(𝑘)(𝑿) = [

𝛿1,1,𝑐
(𝑘) ⋯ 𝛿1,𝑛,𝑐

(𝑘)

⋮ ⋱ ⋮

𝛿𝑛,1,𝑐
(𝑘) ⋯ 𝛿𝑛,𝑛,𝑐

(𝑘)
] ;    𝜰𝑐

(𝑘)(𝑿) = [

𝜌1,1,𝑐
(𝑘) ⋯ 𝜌1,𝑛,𝑐

(𝑘)

⋮ ⋱ ⋮

𝜌𝑛,1,𝑐
(𝑘) ⋯ 𝜌𝑛,𝑛,𝑐

(𝑘)
]                                                                                   (29) 

 

Then the overall offset matrix 𝚫𝑐(𝑿) and the overall similarity matrix 𝚼𝑐(𝑿) is denoted by equation 

(30). The Overall Information Matrix U can be rewritten as equation (31). 

 

𝚫𝑐(𝑿) = [𝚫𝑐
(1)(𝑿), 𝚫𝑐

(2)(𝑿), ⋯ 𝚫𝑐
(𝑁/𝑑𝑠)(𝑿)]                                                                                                          (30𝑎) 

𝚼𝑐(𝑿) = [𝚼𝑐
(1)(𝑿), 𝚼𝑐

(2)(𝑿), ⋯ 𝚼𝑐
(𝑁/𝑑𝑠)(𝑿)]                                                                                                         (30𝑏) 

𝑼 = {(𝚫𝑐(𝑿),𝚼𝑐(𝑿))| 𝑐 = 1,2, … , 𝑡}                                                                                                                                  (31) 
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Appendix B. Solution of RME-Model using the Augmented Lagrangian 

method 

Equation (8) is a least squares problem with a constraint, which can be solved through the 

Augmented Lagrangian method. Introduce variable 𝜆, and equation (8) can be transferred into 

equation (36).   

 

min =∑∑(𝛿𝑖𝑗
(𝑘)∗

− 𝑑𝑖
(𝑘)
)
2

𝑛

𝑗=1

𝑛

𝑖=1

+ 𝜆∑𝑑𝑖
(𝑘)

𝑛

𝑖=1

                                                                                                                        (36) 

 

Through conducting partial derivative operations for each variable and solving the resultant 

equations, we can obtain the best estimation of 𝑑𝑖
(𝑘), as presented in equation (37).  

 

𝑑𝑖
(𝑘)∗ =

1

𝑛
∑𝛿𝑖𝑗

(𝑘)∗

𝑛

𝑗=1

−
1

𝑛2
∑∑𝛿𝑖𝑗

(𝑘)∗

𝑛

𝑗=1

𝑛

𝑖=1

       (𝑖 = 1,2, … , 𝑛)                                                                                               (37) 

 

The 𝑑𝑖
(𝑘)∗ can be divided into two components, 𝑑𝑖

′(𝑘) and 𝑑(𝑘)∗.  

 

𝑑𝑖
(𝑘)∗ = 𝑑𝑖

′(𝑘) − 𝑑(𝑘)∗                                                                                                                                                               (38) 

where,  

𝑑𝑖
′(𝑘) =

1

𝑛
∑𝛿𝑖𝑗

(𝑘)∗

𝑛

𝑗=1

;      𝑑(𝑘)∗ =
1

𝑛2
∑∑𝛿𝑖𝑗

(𝑘)∗

𝑛

𝑗=1

𝑛

𝑖=1

                                                                                                               (39) 

The first component 𝑑𝑖
′(𝑘)

 represents the average of the local offsets between the data from other 

inspection runs and the ith run at location k. The second component 𝑑(𝑘)∗ represents the average of 

all the local offsets between inspection data from every two runs at location k, namely the average 

of 𝜟𝑐∗
(𝑘)(𝑿) . The magnitude of  𝑑(𝑘)∗  reflects the degree of waveform irregularity resulting from 

rarefaction and compression, in which the smaller value is better. When 𝜟𝑐∗
(𝑘)(𝑿) is an antisymmetric 

matrix, satisfying equation (40), we get  𝑑(𝑘)∗ = 0 and 𝑑𝑖
(𝑘)∗ = 𝑑𝑖

′(𝑘)
.  

 

𝛿𝑖𝑗
(𝑘)∗

= −𝛿𝑗𝑖
(𝑘)∗

                                                                                                                                                                           (40) 
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Appendix C. The OI-Algorithm Flow Chart 

 
Fig.17 The OI-Algorithm flow chart. 
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𝑠
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𝑠
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𝑴𝑐
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𝑠

2
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𝑅𝑀𝐸𝑖 = mfilter(𝑑𝑖
(𝑘)∗, ∆); 𝑖 = 1, . . , 𝑛 

𝑘 = 𝑘 + 1 

𝑌𝑒𝑠 𝑁𝑜 

𝑑𝑣′ = interp(𝑑𝑚, 𝑑𝑚 + 𝑑𝑖
(𝑘)∗ +𝐷𝑖,𝑐 , 𝑑𝑣) 

𝑑𝑖
(𝑘)∗ =

1

𝑛
∑𝛿𝑖𝑗

(𝑘)∗

𝑛

𝑗=1

−
1

𝑛2
∑∑𝛿𝑖𝑗

(𝑘)∗

𝑛

𝑗=1

𝑛

𝑖=1

 

𝑪𝑹𝑐
(𝑘)
= 𝐱𝐜𝐨𝐫𝐫𝟐 (𝒎𝑐,𝑖

(𝑘)
,𝑴𝑐

(𝑘)
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 𝑖 ≥ 𝑛? 
𝑁𝑜 𝑌𝑒𝑠 
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 (𝛿𝑐,𝑖,𝑗
(𝑘) , 𝜌𝑐,𝑖,𝑗

(𝑘) );  𝑐 ∈ [1, 𝑡] 

Calculate 𝛿0, 𝜌0, 𝛿1 

|𝛿𝑖,𝑗
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Appendix D. The IL-Algorithm Flow Chart 

 
Fig.18 The IL-Algorithm Flow Chart. 
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